detect the parameters of the formation in petroleum exploitation. In this paper, we want to identify the spontaneous potential caused on the interfaces of di erent layers. In the case of inhomogeneous formation, by means of an analysis on a variational problem of elliptic type, we prove that if the identi cation problem has a unique solution for a given resistivity R e , then for any given resistivity in a neighbourhood of R e the problem still has a unique solution. In the case of in nite homogeneous formation, we establish an explicit formula for the potential in the well and show that the identi cation problem can be uniquely solved for appropriate positions of electrodes.
Preliminaries
In petroleum exploitation one often uses various methods of well-logging, among which the spontaneous potential (SP) well-logging is one of the common and important techniques to detect the parameters of the formation 12]. This method is based on the following electro-chemical phenomenon. Since positive ions and negative ions have di erent di usion speeds and the grains of mud-stone often absorb positive ions, there is a steady potential di erence called spontaneous potential on 1 each interface of layers with di erent resistivities. These potential di erences cause a spontaneous potential eld in the earth. After a well has been drilled, one puts a log-tool with measuring electrodes into the well and then measures the SP on the electrodes. Raising the tool along the well-bore one gets the SP distribution on the well-axis. To interpret the information given by the SP well-logging, it is often supposed that the geometrical structure of the formation is known and is symmetric about the well-axis and the central plane. Therefore, it su ces to study the problem in the domain = 4 i=1 i shown in Figure 1 , where (r; z) are the cylindrical coordinates with r = p x 2 + y 2 , R > 0 and Z > 0 are suitable large constants. In Figure 1 , the well-axis corresponds to the z-axis, the shaded part is the area occupied by the logtool. The formation is composed of 4 layers : 1 is the well-bore lled by mud, 2 is the enclosing rock, 3 is called the invasion zone since the mud ltrate penetrates into this area, 4 is the objective layer. The boundary ? 0 is composed of 2 parts : electrode, and ? 00 0 is the isolation surface of the log-tool (see Figure 2 ). In the SP well-logging, the main feature of the formation is described by the resistivity R e > 0 which is supposed to be piecewise constant, i.e., (1.1)
We say that the formation is homogeneous if R e 1; otherwise it is inhomogeneous. Let E j be the SP di erence on the interface j (1 j 5), which is supposed to be constant as well. We denote by (see Figure 1) ? (1.8)
Here \u + " and \u ? " stand for the values on both sides of j which have been prescribed in Figure 1 . As a convention, the unit normal vector takes the same direction on both sides of j . (1.2) is the Laplace equation in the axisymmetric form. Conditions (1.3)-(1.4) follow from the fact that the electric current is continuous on j , whereas the potential has a jump. Condition (1.7) means that the spontaneous potential is constant on each electrode. This fact is due to a metallic material on the surface of the electrode. Condition (1.8) means that there is no electric current emitted from each electrode. The Dirichlet boundary condition (1.5) is compatible with the jump condition (1.3) at point C. This avoids the formation of singularity around point C. De ning the function g on ? 1 such that g = E 5 on ? 11 and g = 0 on ? 12 , then the boundary condition (1.5) can be written as u = g on ? 1 :
(1.9) For the existence of solutions to the direct problem, the case with function jumps, for which E j is a function on j (1 j 5) in (1.3), has also been investigated. The SP di erences are called compatible if E j (1 j 5) satisfy E 3 (A) ? E 1 (A) ? E 5 (A) = 0 and E 4 (B) ? E 2 (B) ? E 3 (B) = 0: (1.10) Nevertheless, in most practical cases the SP di erences are incompatible. There must be certain singularity at points A and B. We refer to 3, 6, 9, 10, 16] for the detail.
In general, u is a function of (r; z; E; R e ), denoted by u = u(r; z; E; R e ), where E = (E 1 ; E 2 ; E 3 ; E 4 ; E 5 ). Among the parameters R i (1 i 4) and E j (1 j 5), only R 1 is a known constant which can be measured in advance. Observing that u is invariant if we multiply R e by an arbitrary positive constant, we may suppose throughout this paper that 4 R 1 = 1:
The main goal of the SP well-logging is to determine the parameters R i (2 i 4) and E j (1 j 5) together with some given data. If E j (1 j 5) are known and the potentials on the electrodes are given, combining some techniques in 5, 6, 14, 15] , the identi cation of R i (2 i 4) has been investigated in 11], where the existence of R i (2 i 4) is shown by a continuous argument. However, only in some particular cases or for one resistivity to be identi ed, the uniqueness of solutions is also obtained. It turns out that in general the uniqueness of solutions for more than two resistivities can not be held if only the potentials on the electrodes are given (see the counter example constructed in 7]). Thus, additional information is needed to ensure the uniqueness of solutions.
In this paper, we want to identify the parameters E j (1 j 5) when R i (2 i 4) are given. The following result gives a characterization of the parameters which can be identi ed. Thus, by means of some information on the electrodes, instead of E only the parameter E can be expected to be identi ed. In the SP well-logging, the main information we have is the measured spontaneous potential U k on each electrode ? k 0 (1 k 3). That is why we need three electrodes. Assume that the geometrical structure is xed as in Figure 1 and the resistivity R e is known. Let u k be the value of the spontaneous potential on each electrode which can be understood as the trace de ned. However, due to an explicit formula given in Section 3, it is still meaningful in the in nite homogeneous formation. Hence, the following result is valid in above two cases. 3). In order to solve the identi cation problem, we have to know the functions and . In the next section, we rst solve the problem in the inhomogeneous formation.
Let the positions of ? k 0 (1 k 3) be xed. By using the continuous argument developed in 5, 11, 14], we prove that if the identi cation problem has a unique solution for a given resistivity R e , then for any given resistivity in a neighbourhood of R e the identi cation problem still has a unique solution. In Section 3, we consider the problem in the in nite homogeneous formation and establish an explicit formula for the spontaneous potential u in the well 1 . Then in the last section we apply this formula to prove that there are some positions z 1 < z 2 < z 3 for the electrodes such that the corresponding identi cation problem (IP) has a unique solution E 2 IR 3 .
These results suggest good positions for the electrodes to capture useful information in the identi cation problem.
Parameter identi cation in the inhomogeneous formation
In this section, we deal with the identi cation problem (IP) in the inhomogeneous formation. To this end, we suppose that the positions of electrodes ? k 0 (1 k 3)
are xed. This section is devoted to the explicit solution for the SP well-logging in the in nite homogeneous formation. For this purpose, we suppose again that the geometrical structure of the formation is symmetric about the well-axis and the central plane. Moreover, we suppose that the volume of the shaded part is reduced to 0 (see Figure   1 and Figure 3) , since its size is very small comparing with r 1 , the radius of the well.
In this situation, a formula representing the SP distribution in the well will be derived. In particular, we obtain the explicit solution of the SP distribution on the well-axis which corresponds to r = 0 (also see 9] ). This formula is often used to justify certain numerical simulations. The proof is based on the computation of a certain solid angle and a result for the double-layer potential. Let us consider the solid angle of an oblique cone shown in Figure 4 , where Q r 0 is the circle on a plane orthogonal to the z-axis, with center Q on the z-axis and radius r 0 > 0. Let r be the distance between the vertex of the cone and the z-axis and h > 0 be the height of the cone. The solid angle of the cone is denoted by !(r; r 0 ; h). By symmetry the following result is also valid for h < 0. Now we study the in uence of the potential jump on a surface to any xed point in the domain. Taking into account the fact that the problem is really a three-dimensional one, we consider the problem in the whole space IR 3 . Let be a surface in IR 3 with the unit outward normal vector . Suppose that the potential u satis es u = 0 in IR 3 n ; jr PM j 2 dS P :
Hence, the result follows. 2
From now on, we use the notations given in Section 1. We have The following result is a direct consequence of Corollary 1 and (3.12).
Corollary 2 The functions (r; z; 1) and (r; z; 1) of (r; z) are continuous in the domain f(r; z)j 0 r < r 1 ; z 2 IRg. Moreover, In this section, we are concerned with the identi cation problem (IP) in the in nite homogeneous formation. To this end, we need the same assumptions on the geometric structure of the domain shown in Figure 3 . Since the size of the electrodes are relatively very small, we may suppose that the electrodes are located at (0; z 1 ), (0; z 2 ) and (0; z 3 ) on the well-axis with 0 z 1 < z 2 < z 3 respectively. Our objective is to determine some positions z 1 < z 2 < z 3 such that the corresponding identi cation problem has a unique solution. By means of the explicit formula (3.13), the results in this section will be more precise than that for the inhomogeneous formation. Let In the following Propositions, we shall give some su cient conditions to guarantee that the matrix A(0; z 1 ; z 2 ; z 3 ; 1) is invertible. In particular, the conditions given in Propositions 3-4 mean that the three electrodes are all close to z = 0 and to z = z 0 respectively. In this situation, the determinant of A(0; z 1 ; z 2 ; z 3 ; 1) is also close to zero so that it is di cult to perform the numerical simulation. However, another two su cient conditions given in Propositions 5-6 do not require that the three electrodes are necessary to be close to each other. By Theorem 1, in each case the corresponding identi cation problem has a unique solution (Theorem 4).
These results suggest good positions for the electrodes to capture useful information in the identi cation problem. Following the result of numerical simulation 6], the real SP distribution on the well axis is very close to that for the homogeneous formation. Therefore, we guess that Theorem 4 will be still useful in practice for the inhomogeneous formation.
Proposition 3 There exists a neighbourhood V 0 of 0 such that if 0 z 1 < z 2 < z 3 and z 3 Since and are even functions of class C 1 (IR + ), using the Taylor expansion, we 
